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ABSTRACT: A graph labeling is the assignment of labels, traditionally represented by integers, to the edges or
vertices, or both of a graph. Formally, given a graph G=(V,E),a vertex labeling is a function of V to a set of labels. In
this paper, focus will be given on star related cubic graceful graphs . A graph which admits cubic graceful labeling is
called cubic graceful graphs. We have proved that the grapg pK;q U rKys, Uiey Kip , (Kin:G) L (Kip O Kig)
are cubic graceful.
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. INTRODUCTION
The vertex set and the edge set of a graph G denoted by V(G) and E(G) respectively. Let G(p,q) be a graph with p =
n(G) vertices and q = m(G) edges. Throughout this paper by a graph we mean a finite, connected and undirected with
no loops and multiple edges. . A detailed survey of graph labeling can be found in Harrary [6].
A function f is a graceful labeling of a graph G of size n if f is an injection from V(G) to the set {0,1,2,...... ,n}
such that , when each edge xy of G has assigned the weight [f(x)-f(y)|, the resulting weights are distinct; in other words,
the set of weight is {1,2,.....,n}. A graph that admits a graceful labeling is said graceful graphs.
T. Tharmaraj and P.B.Sarasija [2] introduced Square Graceful Labeling.
A graph G = (V,E) with n vertices and m edges is said be Cubic Graceful Graph (CGQG) if there exists an injective
function f: V(G)—{0,1,2, ......,m%} such that the induced mapping f* : E(G)— {1°,2°,......m% defined by ~ f *(uv):
—|f{u)- f(v)| is a bijection . The function f is called a Cubic Graceful Labeling (CGL) of G [6].
Here we deliberate a new type of cubic labeling of graphs which is closely related to the star graph. .
We use the following definitions in the subsequent sections.
Definition1.1
A complete bipartite graph Ky, is called a star and it has (n+1) vertices and n edges

Definition1.2

The Bistar graph By, » is the graph obtained from a copy of a star K; , and a copy of star K, , by joining the vertices
of maximum degree by an edge.

Definition 1.3

The Trivial graph K or P; isthe graph with one vertex and no edges.
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I1. MAIN RESULTS
Theorem 2.1
The graph pK;, U 7K, iscubic graceful for p,q,r,s = 1
Proof. Let G denote the graph pK;, U 7 K;¢
Let VG) = (u, : 1<m<p;
l1<m<p;l<m<c<gq

ve ¢+ 1 <t<rg

Vyw ¢* 1St <1 1s<w<sS

And EG)= (uplUpmy: 1<m<p,l<n<g

then
n(G) =pQ+q) +r(l+s)

m(G) = pq + 1s

Define f:V(G) » {012......,(pq +7s)3}by

f(up) = m-1; 1<m<oyp

flun) = (pq + rs + 1-n)%; 1<n<gq

fWp) =[lqp+1-m)+rs+1-n]* +u,,; 2<m<p,l<n<q

f) = p-1+t¢; 1<t<r

fW,)=[str+1-0)+ 1—-wl® +v,; l1<t<rl<wc<s

The induced edge mapping are

f*x WUplyy) = [q(p+1-m)+ rs+1-n]°; 1<m <p, 1<n<gq

fx W) =I[s@+1-t)+ 1-w]3 1<t<r; 1<w¢<s;

The vertex labels are arranged in the set {0,1,2,.....,(pq +rs)3} . Then the edge labels are arranged in the set
{13,23,.....,(pq + rs)3}. Therefore the edge label are distinct and vertex labels are also distinct. So G is cubic
graceful.

Theorem 2.2

The graph UL_, K; , is a cubic graceful forall t> 1
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Proof: Let G = Ui_; Ky,

LetV (G)= v, for r=12,...t

Vis for r=12,..... b os=12,.... N
and
E(G) =V Vs; for r=12,..... |t s=1,2,......... I
So

t (t+3)
2

n(G) = and  m(G) =

Define £: V(G) - {0,1,2, —— (T)g} by

f)=r-1 for r=1,2,..... R
INGGEEAN
f i) = 2
3

f(vs) = [(tzzi)— Y5 o(i-s+ 1)] + v, for r=23.....t  s=12....r
The induced edge mapping are

2 3
fryv) =[S - mmi - s+ 1) for r=15=1

2 3
) =[S -Si-s+1]  for 2<r<tls<s<r

. £2+0\3 .
The vertex labels are in the set {0,1,2, ...... (T) } . Then the edge label arranged in the set
3

{13, 23,33, ..., (%) } So the vertex labels are distinct and the edge labels are also distinct and cubic. So the graph

Uf-; K, , is a cubic graceful for all t > 1.
Theorem 2.3

IfG, = K, for1 < r < nbe the given graph. Let (K, ,,: G) be the graph obtained from r copies of K, ,,, by joining
Upm With U1y, TOr 1 <7 < n- 1. Then (K, ,,,: G) is cubic graceful graph for all m and n.

Proof: Let (K;,: G) be the given graph,
Let V(G) = {w,unt; 1<r<n,l1<s<m
and

E(G): {ururs}; 1STSn,1SSSm
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{ UrmUGrany) 1<r <n-1
So

n(G) =n(m+1) and m(G) = [n(m+1)-1]
Define f:V(6) - {012 ... (nGn+1)-1)"} by
f(u) =0
f (uys) = [n(m+1)-sP’ 1<s<m
f Q) = f (ug-n3) - )% 2<r<mil<j<n-1
f @)= f (w)-[mn-r+2)1°; 2<r <n

fu) =fw)+mm-r+2)-j; 2<r<nl<s<ml<j<m-1
The induced edge mapping are
fruug) = (n(m+1)-j)3 l1<j<mn l1<r<nl<s<m

f* (UmUanr) = 8 1<r<n-1 1<i<n-1

The induced edge labels are distinct and they are labeled as{ 13, 2° 3% ...... ,(n(m +1) — 1)3}.
Theorem 2.4

LetK,, O K, , bethe given graph G with (p + 1) (q + 1) vertices.

Proof : Let the vertex set be

V(Kip OKig)=u Uy Ups Wy, 1<r<p 1<s<q
and
E (Klyp © Klyq) = UU,, Upllypg, UWG 1<r<p 1<s5<q

Then n(G) = (@+1)(@+1) and m(G) =p(@+l) +gq

Define an injection f:V (K;, O Ky4) {0,1,2,..cc......(p(g+1) +q)* } by

f() =0

f) = Ip(@+1)-r+1]; 1<r<p

fw)=Ip(g+1)+ q-s+ 1] 1<s <gq

f) = [@+pg+D-r+ 1]~ [(r-1)g+s]"; 1<r<p,
1<s<gq
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Then f induces a bijection £ *: E (K,, O K,,)

Then,

f*@u) = [p@+1)-r+1F; 1<r <p

f @)= [(r+1)q+sP; 1<r<p,l<s<q

fx@wy) = [(p+1)(g+1)-s]°; 1<j<n

The induced edge labels are distinct and cubic. The edge mappings are {13,23,33%,...... ......,(p (g + 1) + ¢)3}.

Hence the theorem.

111. CONCLUSION

The cubic graceful labeling is one f the most important techniques. As all the graphs are not cubic graceful, it is very
interesting to investigate graphs or graph families which admit cubic graceful labeling. We have reported the cubic
graceful labeling of various graphs.
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